A. In this paper, we study the growth of the number of fixed points from iterating an endomorphism of an abelian variety. Using the estimates obtained on an abelian variety, we are able to extend the results to endomorphisms on varieties of Kodaira dimension zero and more generally their periodic subvarieties.
It is interesting to note that we do not require that ample line bundle L i on A i to be the restriction of an ample line bundle on A. By dropping the global polarization hypothesis, we get a more refined estimate for a larger class of maps, than we would had we assume φ * L L ⊗q for some ample line bundle L on A.
As an application of our fixed point estimates on abelian varieties, we are able to make a small step towards the above conjecture. as l → ∞.
Exploiting the above fixed point counts for abelian varieties one is able to extend the previous theorem, at the cost of a constant, to the case where φ : X → X and X is a smooth projective variety of Kodaira dimension 0. as l → ∞.
The main difficulty in the above estimates arises from the fact that the fixed points are not counted with multiplicity. This makes it difficult to apply the Lefschetz fixed point theorem directly or to use Bézout type arguments.
As was pointed out by Zhang, if φ = [m] is the multiplication by m map, then theorem 1.3 reduces to a simple result about torsion points on an abelian variety. For sake of completeness we will give the argument, in this elementary case, in section 1.
The outline of the paper is as follows: in section 1 we recall some background results which will be used later on and give the argument for the proof of our first theorem when φ : A → A is the multiplication by m map. In section 2 we prove theorem 1.2. In section 3 we prove theorem 1.3 by reducing to a case where we may apply theorem 1.2. Finally, in section 4 we apply the conclusion of theorem 1.3 to prove theorem 1.4.
B  C
We now fix some notation and conventions. Let k be an algebraically closed field of characteristic 0. We will assume all varieties are integral and morphisms are defined over k. In section 4 we will restrict to the case k = C.
Let A be an abelian variety of dimension g. If φ : A → A is an isogeny, then its degree is the cardinality of its kernel. Recall that to every isogeny φ there exists a unique dual isogenyφ such that φ
for some m, where [m] : A → A denotes the multiplication by m map, which is the map that sends P → mP
We refer the reader to [11] for other basic results on abelian varieties.
We will need a standard result about the intersection number of divisors upon pull-back, see [7, Example 2.4.3] . Namely, let ϕ : X → Y be a finite morphism and X and Y smooth projective varieties over k of
where · denotes the intersection.
Restricting to the case where Y = X, so that ϕ : X → X is an endomorphism, we denote by Fix(ϕ) the set of fixed points counted without multiplicity. We will also need the following elementary lemma which will be useful on two occasions.
Lemma 2.2. Let X be smooth projective variety and φ : X → X an endomorphism such that φ * L L ⊗q for some q > 1. Then φ has finitely many fixed points.
Proof. It suffices to check that φ does not pointwise fix a positive dimension subvariety. Suppose this is not the case so that φ(V) = V pointwise, where V ⊂ X is a positive dimensional subvariety. Then
, where [V] denotes the cycle associated to V. However, φ| V : V → V is the identity so
, which is impossible since q > 1.
We recall a theorem of Fakhruddin, which gives strong restrictions on the geometry of a polarized endomorphism φ : X → X, when X has non-negative Kodaira dimension, denoted κ(X) ≥ 0. Using the previous theorem Zhang has given a uniruledness criterion in all dimensions for an endomorphism of a smooth projective variety with negative Kodaira dimension.
Proposition 2.4. Let X, φ, and L be as in the previous theorem and suppose further that κ(X) < 0. Then X is uniruled.
Proof. See [16, Proposition 2.2.1].
As stated in the introduction, we give an argument for the case where φ : A → A is the multiplication by m map on an abelian variety A of dimension g. This case has already been observed by Zhang in [16] .
However, as theorem 1.3 follows the basic outline of this elementary case we give the argument here.
In the case where 
In this case, as noted by Zhang, periodic subvarieties will be translates of abelian subvarieties by torsion points. For a proof of this fact, see [4, Lemma 4.1] . Therefore, it is easy to conclude theorem 1.3 in this case.
The main complication in our more general setting is that we no longer have an explicit count for the fixed points of φ with respect to some torsion subgroup of A. In our case, the set of fixed points could be a proper subset of some torsion subgroup. One also needs to give a more geometric proof that the only possible periodic subvarieties will be translates of abelian subvarieties.
We conclude this section by giving an example of an isogeny, which is not the multiplication by m map for which our results hold. As theorem 1.2 only requires that certain simple abelian varieties be polarized, it is also possible to give more elaborate examples. 
so the conditions of our main result are satisfied.
P P  A
In this section we prove theorem 1.2. The result will follow from three lemmas. First we prove that if φ is an isogeny, then so is φ − Id A . Then as Ker(φ − Id A ) is the set of fixed points of φ and is the same as deg(φ − Id A ), it suffices to compute the degree of φ − Id A on the simple abelian subvarieties of A, which is the content of lemma 3.3.
Lemma 3.1. Let A be an abelian variety of dimension g. If φ is an isogeny on A such that φ * L L ⊗q for some ample line bundle L on A and q > 1, then φ − Id A is also an isogeny on A.
Proof. Clearly, φ − Id A is a homomorphism of A and since φ − Id A is an endomorphism, it suffices to show that Ker(φ − Id A ) is finite. Suppose that Ker(φ − Id A ) is not finite, then φ must pointwise fix a positive dimensional subvariety, which would contradict lemma 2.2.
We now prove a basic result on the intersection numbers of divisors in products of a variety.
Lemma 3.2. Let X r be the product of r copies of a smooth projective variety X of dimension n. Let D i be a divisor on the i-th copy of X, denoted X i . Let
where (·) m denotes the self-intersection m-times.
Proof. First recall (D i ) n+1 = 0, since each X i has dimension n. Since D 1 × · · · × D r , will be the only term where an intersection of the form (D i ) n+1 does not occur, it suffices to compute the coefficient. Since
occurs r! n times in the expansion of (F 1 + · · · + F r ) rn , our lemma follows. 
Proof.
Let ψ : A r → A r be the dual isogeny of φ − Id A r . Then
for some m > 0 which we may rewrite as
Putting this back into (3.1) yields
Therefore, we obtain
Recalling the notation from the previous lemma, set 
As φ and ψ, commute we obtain
Using (2.1), we obtain
where (·) rg denotes the self-intersection of the divisor in question rg-times. Then applying lemma 3.2 and (3.2), we obtain
As each D i is ample for i = 1, . . . , r we have
The lemma now follows by recalling that deg(ψ) deg(φ−Id A r ) = m 2rg as ψ is the dual isogeny of φ−Id A r .
Using the previous lemma, we are now ready to prove theorem 1.2. i is an isogeny for i = 1, . . . , m and τ a : A → A is the translation by a ∈ A(k). As φ 1 × · · · × φ m is unramified and so is φ − Id A , we see that
Proof of theorem 1.2 First we recall some notation. Let φ :
Therefore, we see that the number of fixed points of φ is
Hence,
where C is the previously introduced constant and independent of φ. Let A i j denote the j-th copy of A i in 
Proof. First notice that it suffices to prove the claim under the assumption that φ is an isogeny. Recall that any endomorphism of an abelian variety can be written as the composition of a translation τ a for some a ∈ A(k) and an isogeny ψ so that τ a • ψ = φ. If P is a fixed point of φ, then ψ(P) + a = P. By theorem 2.3,
and therefore, we may and do assume that φ is an isogeny. Then φ l − Id A is an isogeny so by theorem 1.2,
as L| A i will be ample for every simple abelian subvariety
and the proposition follows by noticing that deg
We give an example showing that we can not remove the condition that φ * L L ⊗q for some q > 1. We are now ready to give the proof of theorem 1.3, which follows almost directly from the previous two lemmas. 
V  K D 0
In this final section we prove theorem 1.4. The outline of the proof is similar to the the proof of theorem 1.3. Namely, first we prove a fixed point estimate for an endomorphism φ : X → X, where X is a smooth projective variety over C with κ(X) = 0 and φ * L L ⊗q for some ample line bundle L on X and q > 1.
The idea of the proof is that by using theorem 2.3, we can restrict the geometry of X, so that X A/G, where A is an abelian variety and G is a finite subgroup of Aut(G). Then we may apply theorem 1.3 to A after appealing to the universal cover of X to produce an endomorphism on A that descends to φ. This is where we require k = C. We will then be able to recover a fixed point estimate for the map φ on X. From the strong geometric conditions imposed on a smooth subvariety Y ⊂ X with φ m (Y) = Y for some m > 1, we are then able to reduce to the case when Y = X, which is similar to lemma 4.3.
Proposition 5.1. Let X be a smooth projective variety of dimension n over C of Kodaira dimension zero.
Let L be an ample line bundle on X and φ : X → X an endomorphism with φ * L L ⊗q for some q > 1. Then
as l → ∞, where C is a constant that depends only on X.
Proof. By theorem 2.3, X is the quotient of an abelian variety by the action of a finite group. In other words, X A/G, where A is an abelian variety and G is a subgroup of Aut(A) with an action G × A → A. Let π : A → X be the quotient map, which is finite, again by theorem 2.3. By [16, Proposition 2.1.1], the universal cover X of X induces a morphism ψ :
Since π : A → X is finite, we have that π * L is ample on A. Using that π • ψ = φ • π we then get that
Therefore, ψ has degree q n . By proposition 4.1, we have Fix(ψ) = (q−1) n . Let Q ∈ Fix(ψ) and g ∈ G we denote the action of g on Q by g · Q.
is a fixed point of φ. Since each orbit of a fixed point contains at most |G| fixed points, we obtain a map
which is at most |G| to 1. Therefore, #Fix(ψ) |G| ≤ #Fix(φ).
Since the same argument holds for any l >> 0, we have
We now give the proof of our final result, theorem 1.4. in the introduction, the main difficulty with using such an argument is that it counts the fixed points with multiplicity.
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